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Abstract. Horn's problem asks for the conditions on sets of integers 
_H , 1^,1^ and A that ensure the existence of Hermitian operators A, B and 

jrt ■ A-\- B with spectra ^, v and A, respectively. It has been shown that this 

^ ' problem is equivalent to deciding whether U\ C U^ <S) Uy for irreducible 

^^, representations of GL(d, C) with highest weights /i, i^ and A. In this pa- 

per we present a quantum information-theoretic proof of the relation 
between the two problems that is asymptotic in one direction. This re- 
sult has previously been obtained by Klyachko using geometric invariant 
»vj ' theory [l]. The work presented in this paper does not, however, touch 

upon the non-asymptotic equivalence between the two problems, a result 
r~^ , that rests on the recently proven saturation conjecture for GL(d, C) [2]. 
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^ ! 1 Introduction and Results 

OO , .... 

f— ^ ^ Given three spectra /i, v and A, are there Hermitian operators A^ B with 



X 



(Spec A, Spec B, Spec A + B) = (p, v, A) ? 

It is known as Horn's problem to characterise the set of triples (/j,, v, A) which 
have an affirmative answer. Those form a convex polytope whose describing 
inequalities have been conjectured by Horn in 1962 [3]. In this paper, we will 
not be concerned with the characterisation of the polytope itself which has by 
now been achieved [1] [2] but rather with the connection of Horn's problem 
to the representation theory of GL(d, C). This connection was first noted by 
B. V. Lidskii [J and emerges as a natural twist to Klyachko's work on the 
inequalities. More precisely, he proves the following two theorems relating the 
admissible spectral triples to the Littlewood-Richardson coefficients c^^. c^^, is 
the multiplicity of the irreducible representation U\ of GL(fi, C) in the tensor 
product representation U^^U^ of GL(d, C). /i, u and A denote the highest weights 
of the respective representations. 



Theorem 1. // c^^ ^ 0, then there exist Hermitian operators A and B such 
that 

{Spec A, Spec B, Spec A + B) ~ (/i, v, A). 

Theorem 2. For Hermitian operators A, B and C :— A + B with integral 
spectra ii, v and X, there is an N £ N such that 

The original proofs of both theorems are based on deep results in geomet- 
ric invariant theory. The contributions of this paper are elementary quantum- 
information-theoretic proofs of Theorem [T] and of the following variant of Theo- 
rem [2] 

Theorem 3. For all Hermitian operators A, B and C := A + B on C^ with 
spectra jjl, v and \, there is a sequence (/x'-'', v^^\ A"^), such that 



and 
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Theorems [5] and [3] can be shown to be equivalent with help of the fact that 
the triples {n, v, A) with nonvanishing Littlewood-Richardson coefficient form a 
finitely generated semigroup (see [5] for a similar equivalence in the context of 
the quantum marginal problem). Here, we choose to prove Theorem [3] since it 
more naturally fits our quantum information-theoretic approach. The basis of 
this approach is an estimation theorem for the spectrum of a density operator 
(Theoremlll) [6j, which has recently been used [5] [7] [8] to prove a relation analo- 
gous to the one presented in this paper between the Kronecker coefficient of the 
symmetric group and the spectra of a bipartite density operator and its margins. 

In 1999, Knutson and Tao proved the saturation conjecture for GL(d, C), 
i.e. they proved that 

cj^^jv^ ^ for some N eN implies c^^ ^ 0. 

This result implies that the N in Theorem [2] can be taken to be one and the 
equivalence of the two problems is strict and not only asymptotic. The proof 
appeared in [5] and introduces the honeycomb model. A more compact version 
of this proof based on the hive model was given by [5] , and a more accessible 
discussion can be found in [10] . 

We proceed with the introduction of the necessary group theory and quantum 
information theory before turning to the proofs. 



2 Preliminaries 

2.1 Spectrum Estimation 

The tensor space (C'')®'^ carries the action of the symmetric group Sk which 
permutes the tensor factors and the diagonal action of GL{d, C): g i-^ g^'^. Since 
those actions commute in a maximal way, the tensor space decomposes in a form 
known as Schur-Weyl duality: 

A 

where Ux and V\ are irreducible representations of GL(d, C) and Sk, respectively. 
The sum extends over all labels A that are partitions of k into d parts, i.e. 
A = (Ai, . . . , Xd) where the positive integers Ai obey Xi > A^+i. As a label of an 
irreducible representation of GL(d, C), A is a dominant weight and as a label of 
an irreducible representation of Sk it is a Young frame. 

The following theorem has been discovered by Alicki, Rudnicki and Sadowski 
in the context of quantum optics [llj and independently by Keyl and Werner 
for use in quantum information theory [3] . In [7] a short account of Hayashi and 
Matsumoto's elegant proof 12 of this theorem is given. 

Theorem 4. Let (C'')®'^ = 0;^ U\ Vx be the decomposition of tensor space 
according to Schur- Weyl duality and denote by P\ the projection onto J/a Va . 
Then for any density operator p with spectrum r we have 

TrPxp^'' <{k + l)'^('^-i)/2 cxp (-fc£i(A| |r)) (1) 

where D{-\\-) denotes the Kullback-Leibler distance of two probability distribu- 
tions anrfA = (Ai,...,Ad) = (|^,...,^). |A| =^,^A, = fc. 

This theorem can be interpreted as follows: The joint measurement of k copies 
of the state p by projection onto the spaces Uy O Vy will - with high probability 
- result in a measurement outcome A' = A satisfying t: ~ r. t is therefore an 
estimate for the spectrum of p. Indeed the error exponent in eq. ^ is optimal [6] . 

2.2 Littlewood- Richardson coefficients 

Given two irreducible representations t/^ and Ui, of GL(d, C) with highest weights 
p and v we decompose the tensor product representation C/^ (g) 11,^ of GL(d, C) 
(here, the group is represented simultaneously with U^ and U,^) into irreducible 
representations of GL{d,€.) 

C/p0C/. = 0c;:,C/A, (2) 

A 

where c^^ denotes the multiplicity of U\ and is known as the Littlewood - 
Richardson coefficient. Since GL(d, C) is the complexification of U{d), the uni- 
tary group in d dimensions, we are allowed to - and will later on - regard all 



representations as representations of U{d). The definition of the Littlewood- 
Richardson coefficient in eq. ^ is indeed the standard one. In the proofs below, 
however, we will work with a different definition given in terms of the symmetric 
group: 

Here, we restricted the irreducible representation V\ of Sn to the subgroup Sk x 
S„-k and decomposed it into products of irreducible representations of Sk and 
Sn-k- Observing that S'„ is self-dual, i.e. V^ = V\, this definition can be put 
into the following invariant-theoretic form 

c^, =dim(V3,0l^^«.T/,)^'=^^"-^ (4) 

where Sk x Sn^k acts simultaneously on V\ and V^ ® K. Clearly, this character- 
isation only applies to Young frames, i.e. dominant weights with non-negative 
parts. The extension to the case of arbitrary dominant weights follows from the 
observation that c^^ is invariant under the transformation 

fj, ^^ ji' := 11 + rn{l ) 

n(l^) (5) 



(f*) is short for (1, . . . , 1) {d ones). 



3.1 From Hermitian Operators to Density Operators 

It will suffice to prove our results for nonnegative Hermitian operators and Young 
frames, i.e. dominant weights with nonnegative parts. In order to see this, as- 
sume that Theorem [T] holds for Young frames and consider an arbitrary triple 
of dominant weights {fi, ly, A) with c^ ^^ 7^ 0. Choose m and n large enough so 

that {ii',iy',X') defined above has no negative parts. Since c^, ^z ^ there are 
positive Hermitian operators A' and B' with 

(Spec A', Spec B' , Spec A' + B') = (^', ly', A'). 

This equation is equivalent to 

(Spec A, Spec B, Spec A + B) = (^, ly, A), 

where A := A' — ml and B := B' — nt. The latter is obtained by subtracting 
(m(l'^),n(l''), {■m + n){l'^)) on both sides of the former observing that Spec (A' — 
ml) = Spec A' — m{l'^) (similarly for B). A similar argument can be carried out 
for Theorem [3l 





ly h^ ly' := ly 




A ^ A' := A 


for 


■ integers m and n, i.e. c^ ^^ — c.^'y- 
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Proofs 



Since we want to use intuition from quantum information theory, we define 
p = TtA/{TtA + B), p^ = A/Tr A and p^ = B/TrB. The conditions on the 
spectra of {A, B,A + B) arc then equivalent to the conditions on the spectra of 
{p ,p^,pp +{l—p)p^), the convex mixture of density operators (i.e. trace one 
positive Hermitian operators). 

We wiU therefore prove the following two theorems which are equivalent to 
Theorems [T] and [3] by the above discussion. 

Theorem 5. Let (/i, v, A) be a triple of Young frames with c^ ^ j^ 0. Then there 
exist quantum states p and p^ such that 

Spec p = p. 
Spec p = V 
Spec /9 = A, 

where P = j^ and p = pp + (1 — p)p^ ■ 

Theorem 6. For all density operators p"^, p^ and p'^' — pp^ + (1 — p)p^ on C^ 
with spectra p^v and A and p G [0,1], there is a sequence {p^^\v^^\X-^'), such 
that 

V(j) ,1/0) r U 



and 

■p 



lim p^^' = Spec f 



lim v^^' — Spec p^ 

j—KK) 

lim a'-'-' = Spec p . 



3.2 Proof of Theorem [5] 

We assume without loss of generality that < p < ^ . It is well-known that the 
Littlewood-Richardson coefficients form a semigroup, i.e. c^^ ^ and c\^, ^ 

imphes c^+^'^jy+jy' ^ 0[T3][14]. As a consequence, c^^ ^ imphes c%^i^^ =/= for 
all N. For every N we will now construct density operators p^ and pf^ whose 
limits p^ :— liniAf^txj Pn and p^ :— lim^v^oo p^ satisfy the claim of the theorem. 
Fix a natural number N, set n := N\X\ as well as k := N\p\ and let p := —. 
Since cf^^ can only be nonzero if \p\ + |z/| = |A|, we further have n — k = N\i/\. 
As explained above, the nonnegativity of the parts of p, v and A allows us to 
invoke the characterisation of the Littlewood-Richardson coefficient in terms of 
the symmetric group: 



Cjvm.Wi/ = dim(VjvM ® Vnu ® Vn\) 



where Sk acts on Vn^, Sn-k on V/vi/ and Sk x Sn-k C 5„ on Vnx- Now pick a 
nonzero \<1'n) e (V^r^ <8) Vati, (g) Vnx)^'''^^'^-''. Consider 

n^^'> (g) • ■ • ® H^''^ (E) H^''+^'> ® • • • H^") 
® /C^i) ® ■ • ■ ® /C^^) JC^^+^'> ® ■ • ■ ® /c("\ 

where H*^*-' and K.^^' are isomorphic to C^. Embed the representation V^fj. in 
W(i) ■ • ■ HC^), Vat^ in T^C^+i) »•■•«) H(") and Vnx in /C^^) (g) • ■ • «) /C("). 
The symmetric group Sn permutes the pairs H^*-' /C^*^ = C* and its subgroup 
Sk X S^-fc permutes the first k and the last n — k pairs separately. 

Any irreducible representation of the group Sk x Sn-k is isomorphic to a 
tensor product of irreducible representations of 5^ and Sn-k- \^n) is a trivial 
representation of Sk x iSn-fe and can therefore only be isomorphic to the tensor 
product Vk^Vn-k of the trivial representations Vk = V(^k,o,...,o) oi Sk and Vn-k = 
V{n-k,o,...,o) of Sn-k- On the first k pairs the fc-fold tensor product of 5 £ V{(P) 
commutes with the action of Sk , and on the remaining pairs it is the n — fc-fold 
tensor product of g £ U(d^) which commutes with Sn-k- Schur-Weyl duality 
decomposes the space in ([6]) into 

SO that 

\1'n) e uf ® Ffc uf_k Vn-k, 
and in terms of projectors onto those spaces 

|!fjv)(!fjv| <Pk®Pn-k 

= [dimUf f |^)(V'l®'^#]®[dimC/,ffc / |0)(0l®("-'=)d0]. 

This directly implies 

l = TT\1rN){1'N\Pk'E}Pn-k 

and therefore guarantees the existence of vectors \<J)n) and \iPn) satisfying 

Tr[|*'Ar)(.f'Ar||0^}(0jv|®'® |V'Jv)(V'iv|®^"-'^] > (dim C/f dim L/lfc)"! . 
Since \^n}{^n\ < Pnij. ^ Pni^ ® Pnx we have 

Tt[Pn^ ® Pn. ^J PNxJilMiM^"'' ® |V'iv)(^jv|®('-^^"] 

> Tr|^jv)('fAr|[|<^jv)('^jv|^^" ® |V'iv)(^jv|®('-^)"]. 
We define 

Pn = Tr,c(i)|(/)Ar)(</ijv| = Tr^(i)|(/)7v)('/'jv| (7) 

Pn = Tr ^(fc+i) \ipN){ipN I = Tr ^(fc+i) \'ipN){'ipN \ (8) 



and find, defining p^ = pp^ + (1 — p)pff which satisfies 

71+1 

that 

TiP^.ipirP" > (dim C/f dim L/f,)-i 
TrP^.(p^)«(i-P)" > (dim C/f dim t/f,)-i 

TrF^,(p^)®" > (n+ l)-i(dim[/f dim C/f ,.)"'• 

Since dim C/„ < n~ these are inverse polynomial lower bounds, which, con- 
trasted with the exponential upper bounds from Theorem IH 

TvPf.pi^'' < {k + lf^^-''^/^eM-kD{fl\\r^)) < (fc + l)'^('^-i)/2exp(-fceV2) 

and similarly for pf^ and p^, imply 

||Specp^-p|| < e 

||Spec p'^ - D\\ <e 
\\Spec p% ~ ~X\\ < e 



for e = 0{dy^ {log N)/N). The proof is now completed, since A'' was arbitrary 
and the existence of the limiting operators is guaranteed by the compactness of 
the set of density operators. 

3.3 Proof of Theorem H 

We assume without loss of generality that < p < -^ . If p is rational, consider a 
positive integer n such that k — pn (otherwise, approximate p by a sequence of 
fractions k/n). Define purifications \ip)'^'^ and \(j))'^'^ oi p^ and p^ , respectively 
such that pTr a\iP) ii']^'^ + (1 -p)Trs|0)(0|"^'^ = p'^ ■ Consider the vector 



\t) = li^)"^'^' (8) ■ ■ ■ (S, l^)^"^" 



\BiCk + i ^ . . . ^ U\S„_fcC„ 



where |-0)'^j'^^ = |V')'^*" and |0)-^j'^'=+3 = \(t))^^ ■ This vector is invariant under 
the action of Sk permuting systems AjCj and Sn~k permuting the systems 
BjCk+j and is therefore of the form 

for vectors Jt^^a) e Uf, >»U^ (giUx ® (V^ >S>Vu® Vx)'^"''^"''' . 

By Theorem m for all e > and p, with p, ^ Se(r'^) = {x := (xi, . . . ,Xd) '■ 
I |a; — r'^ 1 1 1 < e} we have 

TrP^(p^)®'= < {k + lf^-^-^^'^ex^vi-kDipiWr^)) < [k + lf^'^-^^'^e-^ 



where Pinsker's inequality D{fj,\\r ) > 2hi2 ^^^ used in the last inequality. 
Similar statements hold for p^ and p^ . Together with 

TtP^Tta,...a,b^-b,^_At){t\ - TrP^iTTA\i'){^\^^f'' ® (Tr b|0)(0|^^)®"-'= 

= T^^pA E ^(TrA|^)(V^|-"^)^'®(TrB|(/))(0|^^)®"-V-i 

we obtain (see [7j) 

Ti P^(E)P^(E)Px\t){t\ < (n+l)''(''~i)/2(n + 3)e-'^. 
This estimate can be turned around to give 

^ TtP^(^P,®P^\t){t\>1~S, (9) 

(^,l/,A):(/i,P,A)e 

2 

for (5 := (?!+ l)'*^'^+^^/^(n + 3)e^2TTr2 ^ because the number of Young frames with 
n boxes in d rows is smaller than {n + 1)'^. 

For positive RHS of equation ^ the existence of a triple {p., u, A) with \\p, — 
r^W < e (and for v and A alike) and \Tf_i,y\) 7^ is therefore guaranteed. In 
particular, 

c^, = dim(V; ® K ® Yxf'""^-' ^ 

holds. The proof of the theorem is completed with the choice of an increas- 
ing sequence of appropriate integers n. The speed of convergence of the re- 
sulting sequence of normalised triples to (r , r^jT*^) can be estimated with 
e = O {dy^ {log n)/n), a value for which the LHS of eq.Q is bounded away from 
zero. 
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